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Introduction

In [1] the continuous map f2 of the unit interval
,1] into itself, such that

2x if £ X ¢

O

£, (x) =

SENN VT IR
3

2(1-x) 1if € X ¢

2

roj -

lled the hat, was studied. It was shown that fg commutes
th all multihats f_, where f_(x) = nx for ngcsj-,
n’n n n

(x) = 2-nx if %s:cs;;, while £ is periodic with period

in particular, _fo(x) = 0 for all x). Furthermore it was
oved that the semigroup of all fn’ n=20,1,2,..., is a
ximal commutative semigroup: every continuous map of [0,1]
to itself commuting with all fn is one of the fn’
Experiments lead us to the conviection that every con-
nuous map commuting with f2 is either a multlhat fn or
e map h such that h(x) equals the fixed point 3-of f2
he function fo maps every x on the other fixed point of
, zero). We are as yet unable to stave this conviction
th proof; but in this report we will show that in any case
ery open continuous map g : [0,1] = [0,1] commuting with
is of necessity one of the multihats. In fact, an assump-
on much weaker than openness suffices: a continuous map g
mmuting with f2 is a multihat as soon as g(0) = O while
tween two consecutive points where g equals zero there is
cated one and exactly one point where g takes the velue 1.
As was pointed out to us by Z. Hedrlin, the results of
j and of the present report give information akout the
ebichev polynomials Tn’ considered as transformations of
e interval [-1,1] into itself:

Tn(x) = cos(n.arc cos x).

r the map ¢(x) = cos xx 1s a homeomorphism of [0,1] onto
1,1] , and Tn = @0 f o @ , for n = 0,1,2,... . Hence it
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lows from the results of [1] that these polynomials con-
-ute a maximal commutative semigroup of commutative map-
zs of [-1,1] into itself, while the main result of the
sent report is equivalent to the following theorem.

orem. Every open continuous map g : [-1,1]— [-1,4] that
mutes with the Chebychev polynomial T2 is one of the
oychev polynomials Tn°

Functions commuting with f2

A map g 3 [O,ﬂ]-—»[o,ﬂ] is open if it maps open subsets
the topological space [0,1] onto open subsets; i.e. if
a,b)) is open for O<a<bs1, g([0,a)) is open for O<as<1,

g((b,ﬂ]) is open for O0€ b <1. From this readily follows:

ma 1. A continuous map g s [0,1]—[0,1] is open if and
y if it is of the following type: there is a finite set
points {ao’a1’°°"an} , 0 = a0< B < o< an = 1 such that
each ¥ the value g(a,) equals either O or 1, while

[av,av+4] is monotone, i.e. is a homeomorphism

,av_*_,]]‘_* [0,1] °
ark. It follows that open maps coincide with full maps as
ined by H. Cohen [2 ] .

If we call a point x with g(x) = a an a-point of g, then
follows that O-points and 1-points of an open continuous

) g alternate.

Any map g commuting with f2 maps the fixed point O of
into another fixed point: g(0) = O or g(%). If moreover
)) = 0, the only possibility is that g(0) = 0. Hence every

sn continuous map g commuting with f2 is of type I, where




finition. A map g : [0,1] = [0,1] is of type I if there
dsts a finite set {aﬂ,ag,a3gooo,a ,b bﬁsb .,o,bm} such
at

(1) 0 =D <a;<byca,< b2~<a3 <...; either a =1 or
bmz“l;
s -1
(ii) g (O) w{ 4,ooo,bm}-, g (1) =z{a4ga2,oe.,an}o

. the remainder of this section g is assumed to be a con-
nuous map of type I commuting with fgo Simplifying the
tation, we write f instead of fg.

mma 2. b2k = 2bk s for 0O<€2kgm;

b2k—4m EaK , for 1€ 2k-1<m
'0oof,
- g(b,) = %f(%bj} - g(zb ) = g( 30,) = 0 or 1——>g-bj is
ther an ak 5, or a bk %»n Conversely, if x is either an
/‘
€5 or ab.sz, then g(2x) = gf(x) = fg(x) = 0,
mma_3, If g(1) = 0, then m = n and
&k = 1 - 8 ,q for O<ks« n-1;
b, = 1 - o, for O< k¢
:00f .
early m = n. Let x€ %o Then g{x)e.{c,ﬂ} e g(2x) =

fg(x) = Oéa»g(ﬁ-x}e.{o,ﬂ} .
Similarly:
mma, 4. If g(41) =1, then m = n-1 and

b =1 -a_, for 1¢kgn.

n-k k

'oposition 1. Let g be a continuous map of type I, com-
iting with f. Then
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2y = TBn bk:gﬁ (1¢ k¢ n)
g("'l) = 0, and
2k -1 2Kk
ak = Snod ’ bkﬁ = mzn_ﬁ (45 k¢ n)
g(ﬂ) _ /io
yof .

If n = 1, the assertions are trivial. Hence assume
2, We distinguish four cases, according to the parity
n and of g(1).

se 12 g(1) = 0, n even.

The inhomogeneous linear system of equations

p o - Oy
X, * K = 1 (1< ke 2)3
|
2%, = X5 =0 (1< kS»g),
1its the solution x = bk (1€ ken), by lemma’s 2,3.
Kk

; obviously the following is also a solution: Xk = =

n
é}c$§0g Hence it suffices to show that the system (1)
5 a non-zero determinant, for then we must have:

k 1 2k -1

=4 ° while ak = §b2k~4 = =5

The form of the matrix M of (1) is indicated on

ze 5.

s by lemma 3.

If one subtracts the (n-k}-th column from the k-th
», for 45’ks-% -1, the first n/2 rows are all left with
ictly one non-zero entry. Moreover, the last column
5 only one non-zero entry to begin with. Hence if we
¢t strike out the first % rows, the last row, and the
5t % + 1 columns, we are left with a matrix M1 the de-
~minant of which differs from det(M) only by a factor

1.
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n
= -1
> determinant of M,l is easily seen to be equal to 2
rduce M, to triangular form); hence det(M) # 0.
se 23 g(1) = 0, n odd.

The (n-1) x (n-1) inhomogeneous linear system

n
> X + X = 1 (451{&2-:)
n.-
2Xk - ng = 0 (1 s kg 5 )
nits the solutions x,_ = b (ﬂslcsrkﬂ) and -k
k k 2 K n

PR b
(k 2

1d that the determinant of (2) differs only by a
xtor + 1 from the determinant of a matrix

). Using a reduction as in case 1 we easily

2 -1 0 0 —====-- 0
0 2 0 1 =cmeem 0
~
0 0 2 UN_ === 0
| | N ~ !
Pt N ~ |

] I N b

| | \ ~
! | | \
: : | \\ PRe
| | \// |
ro PRGN
0 0 1 0%==--- NS
1 0 0 0 -=-===- 2

aluating this matrix modulo 2, we see that its deter-
nant is an odd integer, hence differs from O.
se 3: g(1) =1, n even.

Use the square system

Xe T Xopg-1 <

) 2Xy = Xpiog-2 =

2x =0 (1ske¢z-1).

n+k-1"*n+2k-1"
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le solution is given by x, = s Xy q = P (1€ k ¢£n-1)

2k-1 2k
lother by % = =s=—x , X .. 4 = 5= (1€ k< n-1). The

'terminant of (3) is easily seen to differ only by a
ctor + 1 from the determinant of a matrix of the form

2 0 ~---ommmmmem- O 0 0O 4
0 2 =-m-ommmeeee- 0 1 0 0
| N _ - | | '
\ -
[ | N _ '
| | N - l |
//\/\ Lo :
-7 AN o
AN ' ,
AN | | I ®
S~ N | : !
= N
o « | :
| | ~ - \\\ | |
| | ~ - N | |
O O ____________ \__/1 O \2 O
0 0 ---=---mmmmmm 0O 0 =1 2

one considers the coefficients of this matrix modulo 2
e arrives at a matrix each row and column of which has
ly one non-zero entry, this entry being equal to + 1.

e determinant of such a matrix equals + 1, hence the
terminant of (3) is odd, thus certainly non-zero,

= 2k-1 = oK -
oving that a, = 5-— , b, =557 » for 1€k<n-1,

se 4: g(1) = 1, n odd.

The proof is similar to the one in the cases 2 and 3
ing the system

X+ Xpp g =1 (1« ke n=-1);

o — n-’q ®

EXK xn+2k-2 =0 (1¢« k¢ 5 ),
n-1

°X ik -1"Xnok-4= © (1< ke 2 )5

ich is satisfied by Xy = 8y, Xpo0 g4 = bk (1« k€ n-1).
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»position 2, Let n be a natural number, and let g be a
tinuous map [0,1] = [0,1] commuting with f, such that

g""(o) ={—25k- : k integer and Os¢ ké,‘%}';

g’ﬂ(’i) 2{2}%1-_:1; : k integer and O»sksg-;-j—} .

Suppose g(x) = fn(x) for all xe[O,ﬂ] such that Emfn(x)
an integer (by assumption this is true if m = 0). We

1 show that also g(x) = fn(x) if 2m+1fn(x) is integer.
Kk

1
Indeed, let fn(x) = éEITki k i?teger. If X& 5y then
2x) = fnfg(x) = fgfn(x = Eﬁ , k' integer; hence

2x) = g(2x), which implies
fgfn(x) = fgg(x)°

iilarly we find that (5) holds for x;;% . It then follows
£t either fn(x) = g(x) - in which case we are ready - or
1-g(x). But this is impossible except if

X) g(x) = 1, as one verifies by considering the largest
< x and the least x,> x such that Emfn(xi) is integer
king into account the continuity of g).

x)

il

Hence g and f_ coincide on a dense subset of [0,1] .

both maps are continuous, it follows that g = fn'

The main results

From propositions 1 and 2 we conclude at once:

sorem 1. Every continuous map g : [O,1]-+[O,1] of
e I that commutes with f2 is a multihat fn°

As every open continuous map that commutes with
is of type I, we have in particular:
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leorem 2. Every open continuous map g : [ 0,1]-[0,1] that
mmutes with f2 is a multihat fn“

By the observations made in the introduction, this
leorem 2 1s equivalent to

leorem 3. Every open continuous map g : [~1,1]—+[~4,1]
1at commutes with the Chebychev polynomial 'I‘2 is itself a
1ebychev polynomial Tne

:mark. It seems that the methods of this report can be
meralized to functions of type I that commute with fze
wever, we do not see at the moment how to arrive at a
meral description that fits all fn,naE°

In any case it seems probable to us that the results
' this note hold true more generally, i.e. that every
mtinuous function of type I, in particular every open
mtinuous map, that commutes with a multihat fn, ng 2,
. itself a multihat. This would mean that every open con-
nuous map commuting with a Chebychev polynomial Tn’ nz 2,

itself a Chebychev polynomial Tne
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